We study the heat transport in systems of coupled oscillators driven out of equilibrium by Gaussian heat baths. We illustrate with a few examples that such systems can exhibit "strange" transport phenomena. In particular, circulation of heat flux may appear in the steady state of a system of three oscillators only. This indicates that the direction of the heat fluxes can in general not be "guessed" from the temperatures of the heat baths. Although we primarily consider harmonic couplings between the oscillators, we explain why this strange behavior persists under weak anharmonic perturbations.
Networks of oscillators
In this note, we consider steady states of (an)harmonic oscillators driven by heat reservoirs at different temperatures. We show, by simple examples, that "anything is possible" for such physical systems: in particular, it is basically impossible to guess in which direction energy flows. We will first describe the harmonic case and then argue why the results extend to mildly anharmonic problems.
The setup is that of n masses, all equal to 1, connected by a set of harmonic "springs," at most n(n − 1)/2 of them. For the sake of simplicity, the position and velocity of each mass are chosen to be one-dimensional. The potential is a function V (q 1 , q 2 , . . . , q n ), which is given as a positive definite quadratic form NETWORKS OF OSCILLATORS with friction Γ i , or is attached to no heat bath. In this case we will say that Γ i = 0 and leave T i undefined. The stochastic differential equations describing such a system are for i = 1, . . . , n:
where the ω i (t) are independent Wiener processes. It will be convenient to write the problem in matrix form. Let x = (p, q) denote the state of the 2n masses. The invariant measure of the problem (if it exists), is (up to normalization) of the form exp(− 1 2 (x, Q −1 x)) with the 2n × 2n matrix Q being the solution to the Lyapunov equation
where
Here, Γ and T are the diagonal matrices whose elements are Γ i and T i . We denote by H = {i : Γ i = 0} the indices of the masses in direct contact with a heat bath. The following condition assures uniqueness of the invariant measure, and can be easily derived from [1] : When the condition of Lemma 1 is not satisfied, a change of coordinates shows that at least one mode is neither coupled to a heat bath nor to the rest of the system. The simplest example where this happens is shown in Fig. 1 (see [2, 3] ). The masses 1 and 2 are coupled to heat baths, while the masses 3 and 4 are only coupled to the masses 1 and 2. All the springs have the same coupling constant. Writing the equations of motion, one easily checks that the variables q = q 3 − q 4 and p = p 3 − p 4 evolve as an isolated harmonic oscillator.
Figure 1: Non-unique steady state
We henceforth assume that the assumptions of Lemma 1 hold (this can be easily verified for the examples given in the sequel). Therefore, the steady state exists, is unique, and we denote by f the average value of an observable f (x) in this state. For convenience, we shall write the matrix Q as four n × n blocks
where X and Y are positive symmetric matrices. As a consequence of (1), R * = −R. Averages of quadratic observables are given by the elements of the matrix Q, namely
Heat fluxes
We briefly recall a common definition of a heat flux between two points of the system [4] . In general, the evolution of an observable f is given by the equationḟ = Lf , where L is the Fokker-Planck operator, in our case
By definition we have Lf = 0. The energy in the spring connecting points i and j is
2 , where V ij < 0 when the coupling is attractive. In order to obtain the heat flux between these two points, we interpret the equation LU ij = 0 as a conservation equation for the energy in the spring, and identify the terms in this equation as energy fluxes. We denote the average value of the flux from i to j by φ i→j , whose expression turns out to be
since p i q i = R ii = 0 by antisymmetry of the matrix R. For a point i connected to a bath, the heat flux entering the system through that point, denoted by φ i , is obtained similarly, leading to
Because of energy conservation, the total heat flux at every point has average zero in the steady state. In the sequel, we only consider average quantities and by flux we always mean average flux in the steady state.
Very few results are available concerning the direction of the heat fluxes in the system. The main one is the positivity of the global entropy production, namely
This (strict) inequality has been proved in [4] for an anharmonic chain between two baths at different temperatures. Under the conditions of Lemma 1, one can easily show that it remains valid for harmonic networks [2] . Because the matrix Q is positive definite, we can also conclude: 
In this equilibrium state all the fluxes vanish and the lemma is trivially verified. Consider next a system S with at least two different temperatures, and denote by Q the solution to the corresponding Eq.(1). Let T max be the temperature of the hottest heat bath(s) of S and Θ > T max be an arbitrary higher temperature. We define a system S ′ as a copy of S but whose temperature matrix T ′ is given by
Let Q ′ be the solution to Eq.(1) for S ′ . We note that when all the parameters but T are fixed in Eq.(1), the solution Q(T ) is linear in T . Therefore Q + Q ′ is a Gibbsian matrix (4) with ϑ = Θ, in particular X ii + X ′ ii = Θ , where we have used the block notation (2) for Q and Q ′ . Since both matrices are positivedefinite, we have X ii and X ′ ii > 0, therefore X ii < Θ for any Θ > T max , and finally X ii ≤ T max . We consider next the flux φ i entering the system through a "hot" point i for which T i = T max . Because of Eq.(3) we have
The corresponding inequality for the cold point(s) is obtained by an equivalent construction. This concludes the proof of the Lemma 2.
The two results we have mentioned give some information on how the system of oscillators exchanges heat with the baths. We are now interested in knowing how the flux propagates within the system of oscillators. The main observation of this note is that "everything" is possible, basically through superposition of elementary solutions. Indeed, by the linearity of Q(T ), each heat bath can be considered as an independent flux source, and the total flux at any point is simply obtained by adding the contribution of all the baths. This is how the four examples below can be found.
Example 1 A linear chain
Consider a linear chain composed of four equal masses, each of which is coupled to a heat bath. In the setup of Fig. 2 , the heat flux is going against the (local) temperature gradient between the (1) is a linear function of T and so are the fluxes. Thus, we can decompose our system as the sum of two similar chains, one with temperatures (100, 0, 0, 2) and the other with (0, 2, 20, 0). The total flux in the middle spring still goes to the right, since temperature T 1 pushes much more energy into the chain than T 3 does. In this second example, the heat injected in the system by the hot bath has two possible "channels" to reach the cold bath. What is surprising is the appearance of a "backward flux" in one of them which is not due to excess temperature as in Example 1. As a result of this, a circulation of heat remains in the steady state, as shown in Fig. 3 . This example shows that energy fluxes between heat baths, as we understand them in this note, are not similar to electrical currents between potentials. Indeed, should the arrows of Fig. 3 represent electrical currents, the potentials U i at points i = 1, 2 and 3 should satisfy U 1 > U 2 > U 3 > U 1 . In other words, Fig. 3 contradicts a "Kirchoff's Law" on current loops. Such an example can also be constructed when the "triangle" is in the center of a chain connecting two heat baths. The example in Fig. 4 shows that the circulation of Example 2 can also be produced when all three masses are in contact with a bath, even if two baths have the same temperature.
Example 2 Circulation of heat
Example 4 A "heat pump" In this last example, we construct a system that mimics a thermodynamic heat pump. Figure 5 shows two chains of three oscillators coupled through their middle point. The ends of the upper chain are connected to the hottest (T 1 ) and the coldest (T 2 ) bath, while the ends of the lower one are connected to intermediate temperatures (T 3 and T 4 ). Here again, the heat in the lower chain flows against the temperature gradient. The interesting point in this example is that no energy is flowing (in average) between the two chains (φ 5→6 = 0). It is as if the upper chain was acting on the lower one through fluctuations only. By slightly varying the temperatures, one can even obtain φ 5→6 < 0. This last variant is quite different from the thermodynamics of Carnot cycles, since the subsystem in which heat is pumped releases energy into the pump. We remark that
